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Abstract—Hybrid beamforming can effectively reduce the cost 

of millimeter wave multiple-input-multiple-output (MIMO) 

system. However, the analog beamformer realized by the unit-

norm phase shifters makes the design of the hybrid beamformers 

a complicated non-convex optimization problem, and prior works 

suffer from high computational complexity. In this letter, we focus 

on the single-user scenario and propose a two-step procedure for 

the low-complexity hybrid beamforming design. The first step 

employs a codebook-based algorithm to provide an initial setting 

of the hybrid beamformers. The second step employs the AltMin-

based algorithm to refine the hybrid beamformers. In particular, 

we also modify the loss function used in the AltMin algorithm for 

complexity reduction. Simulation results show that the proposed 

codebook-assisted AltMin (CA-AltMin) reduces the complexity by 

96% and achieves better performance than the state-of-the-art 

algorithms from different technical aspects. 

Index Terms—mmWave MIMO system, hybrid beamforming, 

codebook, alternating minimization. 

I. INTRODUCTION 

ILLIMETER wave (mmWave) multiple-input-multiple-

output (MIMO) beamforming can leverage large-scale 

antennas at the transceiver to compensate for the severe path 

loss [1]. However, the number of radio frequency (RF) chains 

required by the traditional fully-digital beamforming scales 

with the antenna size, which induces the prohibitive hardware 

cost and power consumption. In contrast, hybrid beamforming 

[2] only requires a small number of RF chains interfacing 

between a low-dimensional digital beamformer and a high-

dimensional analog beamformer. Under the hybrid structure, 

the hardware cost and power consumption can be substantially 

reduced. 

The analog beamformer is realized by the phase shifters with 

the unit-norm constraints. Hence, solving the optimal weights 

for the hybrid beamformers is a challenging non-convex 

optimization problem. For single-user scenario, in [2]-[4], the 

orthogonal matching pursuit (OMP) algorithms were proposed, 

where the columns of the analog beamformer are selected from 

a pre-defined codebook. However, these codebook-based 

algorithms suffer from performance loss of the spectrum 

efficiency compared with the optimal fully-digital 

beamforming. On the other hand, to approach the performance 

of the fully-digital beamforming, the alternating minimization 

(AltMin) algorithms were proposed in [5]-[7]. It optimizes the 

analog and digital beamformer alternately while fixing the other. 

The digital beamformer is solved by using the least square, and 

the analog beamformer is optimized by the manifold 

optimization (MO-AltMin) [5], phase extraction (PE-AltMin) 

[5], coordinate descent method (CDM-AltMin) [6] and gradient 

projection (GP-AltMin) [7], respectively. MO-AltMin achieves 

near-optimal spectrum efficiency, but it suffers from high 

computational complexity. PE-AltMin enjoys the advantage of 

low-complexity, but it is limited to the unitary assumption. In 

consideration of the phase quantization effect, CDM-AltMin 

optimizes the phases of the analog beamformer to a feasible set, 

however, it incurs high complexity. Recently, GP-AltMin 

reduces the complexity of CDM-AltMin by using the gradient 

projection to iteratively optimize the phases of the analog 

beamformer and considers the phase quantization effect during 

the process. However, GP-AltMin has three critical issues that 

should be addressed: 

1) Inferior performance and slow convergence speed: The 

spectrum efficiency of GP-AltMin is inferior to MO-AltMin 

and CDM-AltMin, and the convergence speed is slow due to 

the random phase initialization of the analog beamformer. 

2) High complexity: Although GP-AltMin has lower 

complexity than MO-AltMin and CDM-AltMin, it still 

suffers from the computation of large-size matrices whose 

dimensions scale with the antenna size.  Therefore, it incurs 

high computational complexity and makes GP-AltMin 

infeasible for a massive MIMO system. 

3) Redundant operation: The gradient computation in GP-

AltMin is a complex-valued operation, but the optimization 

target of the analog beamformer is the real-valued phases. 

Thus, the phase projection, transforming the complex-valued 

results to the real-valued phases, is a redundant operation. 

Although there are some works discussing multi-user 

scenario [8][9], we mainly focus on single-user case for a fair 

comparison with prior works [4]-[7]. In this letter, we propose 

a two-step codebook-assisted AltMin (CA-AltMin), which 

achieves lower complexity and has better performance than 

competing algorithms from different technical aspects. Our 

main contributions are summarized as below: 

1) Initialization of hybrid beamformers: Instead of random 

phase initialization, we employ the low-complexity 

codebook-based algorithm, orthogonality-based matching 

pursuit (OBMP) [4], to provide a good initial point for the 

hybrid beamformers, which can accelerate the convergence 

speed and the achievable spectrum efficiency of CA-AltMin 

is about 0.24 bits/s/Hz higher than GP-AltMin. 

2) Modification of loss function: We adopt the AltMin 

algorithm for the refinement of the hybrid beamformers. In 

particular, we modify the loss function to reduce the 

complexity of the gradient computation and avoid redundant 
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operations. Thus, CA-AltMin reduces the complexity by 

96% compared with GP-AltMin. 

Notations: |𝐀| , ‖𝐀‖𝐹 , 𝐀𝑇 , 𝐀𝐻 , 𝐀−1  are the determinant, 

Frobenius norm, transpose, conjugate transpose and the inverse 

of a matrix 𝐀, respectively. [𝐀]𝑖,𝑗 is the i-th row and j-th column 

element of 𝐀. 𝐀(: , 𝑖) is the i-th column of 𝐀. vec(𝐀) is matrix 

vectorization of 𝐀. diag(𝐀) is a vector composed of diagonal 

elements of 𝐀. 𝒞𝒩(𝐚, 𝐀) is a complex Gaussian vector with 

mean 𝐚  and covariance matrix 𝐀 . 𝐈𝑁  is an 𝑁 × 𝑁  identity 

matrix. ⨂  and ⊙  are the Kronecker product and Hadamard 

product, respectively. 𝑗 ≜ √−1. 

II. PRELIMINARIES 

A. System Model and Problem Formulation 

Consider a single-user mmWave MIMO system with the 

hybrid structure shown in Fig. 1. The transmitter has 𝑁t 

antennas and 𝑁RF
t  RF chains, and the receiver has 𝑁r antennas 

and 𝑁RF
r  RF chains. The transmitter sends 𝑁s data streams to 

the receiver. The number of RF chains is subjected to the 

constraints 𝑁s ≤ 𝑁RF
t < 𝑁t and 𝑁s ≤ 𝑁RF

r < 𝑁r. 

The received signal at the receiver can be written as 

𝒚 = √𝜌𝐖BB
𝐻 𝐖RF

𝐻 𝐇𝐅RF𝐅BB𝒔 + 𝐖BB
𝐻 𝐖RF

𝐻 𝒏, (1) 

where 𝒔 ∈ ℂ𝑁s×1  is the transmitted signal vector with 

normalized power   Ε[𝒔𝒔𝐻] =
𝐈𝑁s

𝑁s
, 𝐅BB ∈ ℂ𝑁RF

t ×𝑁s is the 

baseband digital precoder, 𝐅RF ∈ ℂ𝑁t×𝑁RF
t  is the RF analog 

precoder. The power constraint of the transmitter is 

‖𝐅RF𝐅BB‖𝐹
2 = 𝑁s . 𝐖BB ∈ ℂ𝑁RF

r ×𝑁s is the baseband digital 

combiner. 𝐖RF ∈ ℂ𝑁r×𝑁RF
r  is the RF analog combiner. 𝐅RF and 

𝐖RF  are realized by the phase shifters with the unit-norm 

constraints such that |𝐅RF|𝑖,𝑗 =
1

√𝑁t
 and |𝐖RF|𝑖,𝑗 =

1

√𝑁r
. 𝐇 ∈

ℂ𝑁r×𝑁t is the narrowband mmWave MIMO channel matrix. 𝜌 

is the average received power. 𝒏 ∈ ℂ𝑁r×1 is the Gaussian noise 

vector satisfying i.i.d. 𝒞𝒩(0, 𝜎n
2𝐈𝑁r

). 

 In consideration of the sparse property of the mmWave 

channel, we adopt a widely used Saleh-Valenzuela channel 

model [10], which can be written as 

𝐇 = √
𝑁t𝑁r

𝑁cl𝑁ray
∑ ∑ 𝛼𝑖𝑗𝐚r(𝜙𝑖,𝑗)𝐚t(𝜃𝑖,𝑗)

𝐻

𝑁ray

𝑗=1

𝑁cl

𝑖=1

, (2) 

where 𝑁cl  and 𝑁ray  are the number of scattering clusters and 

the number of rays in each cluster, respectively. 𝛼𝑖𝑗  is the 

complex gain of the 𝑗𝑡ℎ  ray in the 𝑖𝑡ℎ  cluster. 𝜃𝑖,𝑗  and 𝜙𝑖,𝑗  are 

the azimuth angles of departure and arrival, respectively. 

𝐚t(𝜃𝑖,𝑗)  and 𝐚r(𝜙𝑖,𝑗)  are the transmitter and receiver array 

response vectors, respectively. We evaluate the array geometry 

as the uniform linear array where N antenna elements are 

employed. Thus, the array response vector at the angle of 𝜃 can 

be written as 

𝐚(𝜃) =
1

√𝑁
[1, 𝑒𝑗

2π

λ
𝑑sin(𝜃), … , 𝑒𝑗(𝑁−1)

2π

λ
𝑑sin(𝜃)]𝑇, (3) 

where λ  and 𝑑  are the signal wavelength and the antenna 

spacing, respectively. 

 The goal of the hybrid beamforming is to maximize the 

spectrum efficiency given by [2] 

𝑅 = 𝑙𝑜𝑔2(|𝐈𝑁s
+

𝜌

𝑁s
𝚲n

−1𝐖BB
𝐻 𝐖RF

𝐻 𝐇𝐅RF𝐅BB ×

𝐅BB
𝐻 𝐅RF

𝐻 𝐇𝐻𝐖RF𝐖BB|), 
(4) 

where 𝚲n = 𝜎n
2𝐖BB

𝐻 𝐖RF
𝐻 𝐖RF𝐖BB  is the noise covariance 

matrix. As shown in [2], the precoder and combiner design can 

be optimized separately to maximize 𝑅 in (4). In this letter, we 

focus on the precoder design since the combiner design is 

similar to the former except for an extra power constraint. The 

corresponding problem is equivalent to minimize the Euclidean 

distance between the optimal fully-digital precoder 𝐅opt and the 

hybrid precoders  

(𝐅RF
opt

, 𝐅BB
opt

) =
argmin
𝐅RF, 𝐅BB

 ‖𝐅opt − 𝐅RF𝐅BB‖
𝐹

2
 , 

s. t. [𝐅RF]𝑖,𝑗 ∈  ℱ, ∀𝑖, 𝑗 , 

‖𝐅RF𝐅BB‖𝐹
2 = 𝑁s , 

 

 

(5) 

where the optimal fully-digital precoder 𝐅opt comprises the first 

𝑁s columns of the right singular vectors of the channel matrix. 

ℱ  is the feasible set of the analog precoder with B-bits 

quantized phases, which is given by ℱ ≜ {
1

√𝑁t
𝑒

𝑗
2𝜋𝑏

2𝐵 | 𝑏 =

1, … , 2𝐵}.  

B. Prior Work: GP-AltMin [7] 

The AltMin algorithm simplifies the problem in (5) by 

optimizing one of 𝐅RF and 𝐅BB while fixing the other. 

In the beginning, 𝐅RF is initialized with random phases and 

fixed, then 𝐅BB can be determined as below  

𝐅BB = argmin
𝐅BB

 ‖𝐅opt − 𝐅RF𝐅BB‖
𝐹

2
 , (6) 

which can be solved by using the least square as 𝐅BB =
(𝐅RF

𝐻 𝐅RF)−1𝐅RF
𝐻 𝐅opt. 

  In the next alternating stage, 𝐅BB  is fixed and 𝐅RF  can be 

decided by 

𝐅RF = argmin
𝐅RF ∈ ℱ

 ‖𝐅opt − 𝐅RF𝐅BB‖
𝐹

2
 . (7) 

In GP-AltMin, (7) is vectorized and a loss function is defined 

as 

𝐿(𝒙) ≜ ‖𝒖 − 𝐆𝒙‖𝐹
2  , (8) 

where 𝒙 ≜  vec( 𝐅RF )  ∈ ℂ𝑁t𝑁RF
t ×1 , 𝒖 ≜  vec( 𝐅opt )  ∈ ℂ𝑁t𝑁s×1 , 

𝐆 ≜ (𝐅BB)𝑇⨂ 𝐈𝑁t
∈ ℂ𝑁t𝑁s×𝑁t𝑁RF

t
. At the t-th iteration, the GP 

 

Fig. 1. System diagram of the hybrid structure in mmWave MIMO. 
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method searches for the optimal solution of 𝒙 by projecting the 

results of the steepest descent onto the phases of the phase 

shifters. The corresponding formulations can be written as 

𝜻𝑡+1 = 𝒙𝑡 − 𝜇 ∙ ∇𝒙𝐿(𝒙𝑡), 

𝒙𝑡+1 =
1

√𝑁t
𝑒𝑗∠𝜻𝑡+1. 

(9) 

(10) 

𝜇 is the step size and ∇𝒙𝐿(𝒙𝑡) is the gradient of the loss function 

in (8), which is computed as  

∇𝒙𝐿(𝒙𝑡) = −𝐆𝐻(𝒖 − 𝐆𝒙𝑡). (11) 

After 𝑁𝑖𝑡𝑒𝑟
𝑖 iterations, 𝒙  is element-wisely quantized to the 

feasible set ℱ and converted back to the matrix form 𝐅RF. 

III. PROPOSED TWO-STEP CODEBOOK-ASSISTED 

ALTERNATING MINIMIZATION 

In this section, we propose a two-step codebook-assisted 

AltMin (CA-AltMin) aiming to address the aforementioned 

issues of GP-AltMin, which can accelerate the convergence 

speed of the steepest descent, improve the spectrum efficiency 

and reduce the complexity. The proposed CA-AltMin is 

summarized in Algorithm 1. 

A. Codebook-based Initialization of Hybrid Beamformers 

In the first step, instead of initializing 𝐅RF  with random 

phases, we use the low-complexity codebook-based algorithm, 

OBMP [4], to provide an initial point for 𝐅RF and 𝐅BB. OBMP 

selects the columns of 𝐅RF  from a DFT codebook whose 

columns comprise orthogonal beamforming vectors and has the 

form  

 𝐀DFT(: , 𝑖) =
1

√𝑁t
[1, 𝑒

−𝑗2𝜋(𝑖−1)

𝑁t , … , 𝑒
−𝑗2𝜋(𝑖−1)(𝑁t−1)

𝑁t ]𝑇, (12) 

where 1 ≤ 𝑖 ≤ 𝑁t . By employing the DFT codebook, the 

transmitter can steer signals at 𝑁t  independent beamforming 

directions [11], thus provide a prototype for 𝐅RF. Besides, the 

orthogonality of the DFT codebook simplifies the column 

selection process of 𝐅RF and the least square for solving 𝐅BB to 

a simple computation of the correlation between 𝐀DFT and 𝐅opt, 

as shown in line 1 of Algorithm 1. Then, line 2 computes the 

index set 𝜷 corresponding to the largest 𝑁RF
t  elements. Finally, 

the initialization of 𝐅RF and 𝐅BB can be determined from 𝐀DFT 

and 𝚿  according to the index set 𝜷 , respectively. A good 

initialization can effectively accelerate the convergence speed, 

which will be evaluated in Section IV.  

B. Derivation of Low-Complexity Loss Function 

In the second step, we adopt the AltMin algorithm to refine 

𝐅RF and 𝐅BB iteratively. Line 6-8 is the least square for solving 

𝐅BB  and 1 iteration of least square can be saved due to the 

initialization from OBMP. Line 9-12 is the steepest descent for 

optimizing 𝐅RF . To reduce the complexity and avoid the 

redundant projection, we modify the loss function of GP-

AltMin to  

𝐿(𝐗) ≜ ‖𝐅opt −
1

√𝑁t
𝑒𝑗∙𝐗𝐅BB‖

𝐹

2

 , (13) 

where 𝐗 ≜ ∠𝐅RF ∈ ℝ𝑁t×𝑁RF
t

 are the real-valued phases of 𝐅RF. 

Compared to (8), we aim to directly optimize the real-valued 

phases.  

To compute the gradient of the loss function 𝐿(𝐗) in (13), we 

need to split 𝐿(𝐗) into the real and imaginary parts. Let 𝐅opt,re, 

𝐅opt,im, 𝐅BB,re and 𝐅BB,im are the real part and imaginary part of 

𝐅opt and 𝐅BB, respectively. 𝐗c and 𝐗s are employing cosine and 

sine on 𝐗, respectively. Then we define 

𝐄re ≜ 𝐅opt,re −
1

√𝑁t
(𝐗c𝐅BB,re − 𝐗s𝐅BB,im), 

𝐄im ≜ 𝐅opt,im −
1

√𝑁t
(𝐗c𝐅BB,im + 𝐗s𝐅BB,re), 

 

(14) 

where 𝐄re and 𝐄im are the real and imaginary part of the error 

matrix between the fully-digital precoder 𝐅opt and the hybrid 

precoders, respectively. After that, we define the real and 

imaginary part of the loss function 𝐿(𝐗) as 𝐿re(𝐗) ≜ ‖𝐄re‖𝐹
2  

and 𝐿im(𝐗) ≜ ‖𝐄im‖𝐹
2 , respectively. Finally, the gradient of the 

loss function in (13) is computed as 

∇𝐗𝐿(𝐗) = ∇𝐗𝐿re(𝐗) + ∇𝐗𝐿im(𝐗) 

=
2

√𝑁t
{(𝐄re𝐅BB,re

𝑇 ) ⊙ 𝐗s + (𝐄re𝐅BB,im
𝑇 ) ⊙ 𝐗c +

(𝐄im𝐅BB,im
𝑇 ) ⊙ 𝐗s − (𝐄im𝐅BB,re

𝑇 ) ⊙ 𝐗c}, 

 

 

(15) 

and line 11 is the steepest descent to search for the optimal 

solution of 𝐗 , where 𝜇  is the step size. In summary, the 

modified loss function transforms the gradient computation 

from the vectorized form in (11) to the matrix form in (15), 

which dramatically reduces the complexity and will be 

analyzed in Section III.C. 

The steepest descent iterates 𝑁𝑖𝑡𝑒𝑟
𝑖  times, where 𝑁𝑖𝑡𝑒𝑟

𝑖  is the 

number of inner-iterations. After that, line 13 is the quantization 

of 𝐅RF with 𝒬-bit element-wise quantizer to the feasible set ℱ. 

Overall, the alternation iterates 𝑁𝑖𝑡𝑒𝑟
𝑜  times, where 𝑁𝑖𝑡𝑒𝑟

𝑜  is the 

number of outer-iterations. Finally, 𝐅BB  is determined and 

Algorithm 1: Two-Step Codebook-Assisted AltMin 
Require: 𝐅opt,  𝐀DFT, 𝑁𝑖𝑡𝑒𝑟

𝑜 , 𝑁𝑖𝑡𝑒𝑟
𝑖 , 𝜇 

First Step: Initialize 𝐅RF and 𝐅BB using OBMP [4] 

1: 𝚿 = 𝐀DFT
𝐻 𝐅opt; 

2: 𝜷 = argmax(diag(𝚿𝚿𝐻)); 

3: 𝐅RF = 𝐀DFT(: , 𝜷); 

4: 𝐅BB = 𝚿(𝜷, : ); 

Second Step: Refine 𝐅RF and 𝐅BB using AltMin 

5: for  𝑝 = 1: 𝑁𝑖𝑡𝑒𝑟
𝑜  do 

6:   if  𝑝 ≠ 1 

7:   𝐅BB = (𝐅RF
𝐻 𝐅RF)−1𝐅RF

𝐻 𝐅opt; 

8:  end if; 

9:  for  𝑡 = 1: 𝑁𝑖𝑡𝑒𝑟
𝑖  do 

10:   Compute ∇𝐗𝐿(𝐗𝑡) according to (15); 

11:    𝐗𝑡+1 =  𝐗𝑡 − 𝜇 ∙ ∇𝐗𝐿(𝐗𝑡); 

12:   end for; 

13:   𝐅RF = 𝒬(
1

√𝑁t
𝑒𝑗∙𝐗); 

14: end for; 

15: 𝐅BB = (𝐅RF
𝐻 𝐅RF)−1𝐅RF

𝐻 𝐅opt; 

16: 𝐅BB = √𝑁s
𝐅BB

‖𝐅RF𝐅BB‖F
; 

Return: 𝐅RF, 𝐅BB 
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normalized to satisfy the power constraint in line 15 and 16, 

respectively. 

C. Analysis of Computational Complexity 

 We evaluate the computational complexity of the hybrid 

precoders in terms of the number of real-valued multiplications. 

The complexity of the proposed CA-AltMin and other 

competing works is listed in TABLE I, where 𝑓𝑖𝑛𝑣(𝑛) =
4(𝑛5 − 3𝑛4 + 6𝑛3 − 3𝑛2 + 2𝑛 − 3)/3 is the number of 

multiplications of an 𝑛 × 𝑛  matrix inversion through 

elementary row transformation as analyzed in [12]. PE-AltMin 

only comprises 𝑁𝑖𝑡𝑒𝑟  iterations. In a massive MIMO system 

where 𝑁t ≫ {𝑁RF
t , 𝑁s}, the dominant complexity of CA-AltMin 

is linear with 𝑁t, which is lower than other works and has the 

same complexity order as PE-AltMin. We will further 

demonstrate that the performance of PE-AltMin is inferior to 

our proposed CA-AltMin in Section IV. The comparison of 

CA-AltMin and GP-AltMin is also summarized in TABLE II. 

IV. SIMULATION RESULTS 

In this section, we present the simulation results of the 

proposed CA-AltMin. The transmitter has 𝑁t = 64  antennas 

and the receiver has 𝑁r  antennas with 𝑁RF
t = 𝑁RF

r = 𝑁RF  RF 

chains. 𝑁s = 3 data streams are considered. The channel model 

is constructed according to (2) and (3) with 𝑁cl = 6 clusters and 

𝑁ray = 4  rays. The angles of departure and arrival are 

uniformly distributed in [0, 2π]. The complex gain 𝛼𝑖𝑗 satisfies 

𝒞𝒩(0,1). The antenna spacing 𝑑 is set to half-wavelength. The 

SNR at the receiver is defined as 𝜌/𝜎n
2. In terms of channel 

estimation, we use the DFT codebook at the transmitter and the 

receiver to carry out the beam sweeping procedure. Next, we 

use the channel measurements to estimate the channel matrix 

by the compressive channel estimation algorithm in [13] and 

more details can be found therein.  

The results of CA-AltMin are compared with OBMP [4], 

MO-AltMin [5], PE-AltMin [5], CDM-AltMin [6], GP-AltMin 

[7] over 1000 realizations. The step size 𝜇 of CA-AltMin is set 

to 10 for the best performance. For a fair comparison, the 

number of outer and inner-iterations 𝑁𝑖𝑡𝑒𝑟
𝑜  and 𝑁𝑖𝑡𝑒𝑟

𝑖  for all 

algorithms are both set to 5, therefore a total of 25 iterations. 

The corresponding 𝑁𝑖𝑡𝑒𝑟  for PE-AltMin is set to 25. To 

construct the DFT codebook, log2(𝑁t)-bits feasible set ℱ and 

log2(𝑁r) -bits feasible set 𝒲  are considered for the phase 

quantization of the analog precoder 𝐅RF and analog combiner 

𝐖RF , respectively. MO-AltMin and PE-AltMin neglect the 

quantized phases, thus each element of 𝐅RF  is quantized 

according to the feasible set ℱ. Then, the digital precoder 𝐅BB 

is updated using the least square and normalized to satisfy the 

power constraint. The analog and digital combiner are updated 

similarly except for the power constraint.  

A. Comparison of Convergence Speed 

In Fig. 2, we compare the spectral efficiency against the 

number of iterations over various works given 𝑁r = 16, 𝑁RF =
4 and SNR= 0 dB. The proposed CA-AltMin has the fastest 

convergence speed and achieves the best spectrum efficiency 

than the prior works. In contrast, GP-AltMin converges slowly 

and the achievable spectrum efficiency is 0.24 bits/s/Hz lower 

than CA-AltMin. The reason is that OBMP provides good 

initialization for the hybrid beamformers instead of random 

phase initialization. 

B. Comparison of Spectrum Efficiency under Different 

Scenarios 

In Fig. 3(a), we compare the spectral efficiency against SNR 

given 𝑁r = 16, 𝑁RF = 4. Our proposed CA-AltMin achieves 

comparable performance as CDM-AltMin and MO-AltMin, 

and is superior to other algorithms in all the range of SNR. 

Fig. 3(b) exhibits the spectral efficiency against the number 

of RF chains 𝑁RF  given 𝑁r = 16 , SNR= 0 dB. CA-AltMin 

outperforms other algorithms and approaches the fully-digital 

beamformer when 𝑁RF  increases. Besides, CA-AltMin can 

achieve near-optimal performance when the condition 𝑁RF ≥
2𝑁s = 6 is satisfied [5]. Note that PE-AltMin satisfies its 

unitary assumption when 𝑁RF = 𝑁s and thus achieves the best 

performance when 𝑁RF = 3 .   

TABLE I 

COMPARISON OF COMPUTATIONAL COMPLEXITY  

Algorithm Number of Multiplications 

OBMP [4] 8𝑁t
2𝑁s 

MO-AltMin 

[5] 

(𝑁𝑖𝑡𝑒𝑟
𝑜 + 1) (

8𝑁t(𝑁RF
t )2 + 4𝑁t𝑁RF

t 𝑁s

+𝑓𝑖𝑛𝑣(𝑁RF
t )

) 

+𝑁𝑖𝑡𝑒𝑟
𝑜 𝑁𝑖𝑡𝑒𝑟

𝑖 (16𝑁t
2𝑁RF

t 𝑁s + 40𝑁t𝑁RF
t ) 

PE-AltMin [5] 𝑁𝑖𝑡𝑒𝑟(8𝑁t𝑁RF
t 𝑁s + 8𝑁RF

t 𝑁s
2 + 8(𝑁RF

t )3) 

CDM-AltMin 

[6] 

(𝑁𝑖𝑡𝑒𝑟
𝑜 + 1) (

8𝑁t(𝑁RF
t )2 + 4𝑁t𝑁RF

t 𝑁s

+𝑓𝑖𝑛𝑣(𝑁RF
t )

) 

+𝑁𝑖𝑡𝑒𝑟
𝑜 𝑁𝑖𝑡𝑒𝑟

𝑖 (4𝑁t
3(𝑁RF

t )2𝑁s) 

GP-AltMin [7] 
(𝑁𝑖𝑡𝑒𝑟

𝑜 + 1) (
8𝑁t(𝑁RF

t )2 + 4𝑁t𝑁RF
t 𝑁s

+𝑓𝑖𝑛𝑣(𝑁RF
t )

) 

+𝑁𝑖𝑡𝑒𝑟
𝑜 𝑁𝑖𝑡𝑒𝑟

𝑖 (8𝑁t
2𝑁RF

t 𝑁s + 8𝑁t𝑁RF
t ) 

Proposed  

CA-AltMin 

8𝑁t
2𝑁s 

+𝑁𝑖𝑡𝑒𝑟
𝑜 (

8𝑁t(𝑁RF
t )2 + 4𝑁t𝑁RF

t 𝑁s + 𝑓𝑖𝑛𝑣(𝑁RF
t )

+𝑁𝑖𝑡𝑒𝑟
𝑖 (8𝑁t𝑁RF

t 𝑁s + 6𝑁t𝑁RF
t )

) 

 

TABLE II 

COMPARISON BETWEEN PROPOSED CA-ALTMIN AND GP-ALTMIN  

 GP-AltMin [7] 
Proposed  

CA-AltMin 

𝐅RF initialization Random phases Results from OBMP [4] 

𝐅RF update Phase projection Direct optimization 

Loss function  (8) (13) 

Complexity 𝒪(𝑁t
2) 𝒪(𝑁t) 

 

 
Fig. 2. Spectrum efficiency against number of iterations (𝑁r = 16, 𝑁RF = 4 

and SNR = 0 dB). 
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Fig. 3(c) plots the spectral efficiency against the number of 

receiver antennas 𝑁r given 𝑁RF = 4, SNR = 0 dB. Consistent 

with prior experiments, CA-AltMin achieves comparable 

performance as CDM-AltMin and is superior to other 

algorithms.  

C. Analysis of Computational Complexity 

Fig. 4 simulates the computational complexity of the hybrid 

combiners against the number of receiver antennas 𝑁r  given 

𝑁RF = 4, 𝑁𝑖𝑡𝑒𝑟
𝑜 = 𝑁𝑖𝑡𝑒𝑟

𝑖 = 5 and 𝑁𝑖𝑡𝑒𝑟 = 25. The complexity is 

computed by using the formulas in TABLE I for the evaluation 

of scalability. CA-AltMin achieves comparable complexity 

with PE-AltMin due to their complexity are both linear with 𝑁r. 

When the number of antennas scales up, CA-AltMin has 

obvious advantages over other algorithms. For example, CA-

AltMin can reduce 93.94% and 96.47% complexity compared 

with GP-AltMin when 𝑁r = 32, 64 , respectively, which 

benefits from the modification of loss function. 

V. CONCLUSION 

In this letter, we propose a two-step codebook-assisted 

AltMin algorithm considering single-user and narrowband 

scenario. First, the codebook-assisted OBMP provides good 

initialization for the hybrid beamformers. Second, we modify 

the loss function and avoid the redundant operations in GP-

AltMin for complexity reduction. Simulation results 

demonstrate the proposed CA-AltMin achieves better 

performance than the state-of-the-art designs and reduces the 

complexity by 96% compared with GP-AltMin. For wideband 

scenario, the codebook-based initialization and AltMin 

algorithm can be extended to the MIMO-OFDM case as in [14] 

and [5], respectively. Currently, CA-AltMin is only suitable for 

the single-user scenario. Thus, for future studies, it is interesting 

to extend CA-AltMin to multi-user case [8][9], or consider the 

partially-connected phase shifter network of the analog 

beamformer [15] for further reduction of the hardware cost. 
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(a)                                                                                   (b)                                                                                   (c) 

Fig. 3. Spectrum efficiency under different scenarios. (a) SNR (𝑁r = 16, 𝑁RF = 4), (b) RF chains 𝑁RF (𝑁r = 16, SNR = 0 dB) and (c) number of receive antennas 

𝑁r (𝑁RF = 4, SNR = 0 dB). 

       

        

  

  

  

  

  

  

  

  
 
 
 
 
  
 
 
  
  
  
  
 
 
 
  
 
  
 
  
  

 
 

             

        

             

             

              

             

                  

 

    

    

  

    

    

    

    

 

     

     

     

     

    

     

     
  

    

    

    

    

  

 
Fig. 4. Computational complexity against number of receiver antennas 𝑁r 

(𝑁RF = 4, 𝑁𝑖𝑡𝑒𝑟
𝑜 = 𝑁𝑖𝑡𝑒𝑟

𝑖 = 5 and 𝑁𝑖𝑡𝑒𝑟 = 25). 
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